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ABSTRACT

It is well known that color-discrimination thresholds vary throughout color space, as is easily observed from the familiar
MacAdam ellipses plotted in chromaticity space. But why is this the case? Existing formulations of uniform color spaces (e.g.,
CIELAB, CIECAMO02, CAM16-UCS) and their associated color-difference DE metrics are all models, not theories, based on fits
to psychophysical data. While they are of great practical value, they provide no theoretical understanding as to why color dis-

crimination varies as it does. In contrast, the hypothesis advanced and tested here is that the degree of color variability created by

metamer mismatching is the primary (although not exclusive) factor underlying the variation in color-discrimination thresholds

throughout color space. Not only is it interesting to understand the likely cause of the variation, but knowing the cause may foster

the development of more accurate color difference metrics.

1 | Introduction

In the past, numerous experiments have been conducted to
measure color-discrimination thresholds for different colors.
Surface materials such as painted ceramic, fabric, printed sam-
ples, paint, and also CRT or LCD display colors were used in
various experiments [1-7]. The experimental data show that the
color-discrimination threshold varies as a function of the color
involved. Many color spaces or color difference formulas have
been developed to fit the experimental data [8-12]. Sophisticated
appearance models have been designed with their parameters
optimized to fit the existing data [13-20], but the underlying
cause of the variation in color-discrimination thresholds is not
well understood. Recently, Funt et al. [21] showed that meta-
mer mismatching provides a plausible explanation for the way
in which color difference sensitivity, as represented by the size
of discrimination ellipsoids, depends on where the colors reside
within color space. This metamer-mismatching-based approach
is further explored here to show that the degree of metamer mis-
matching explains and predicts not only the volume of a given

color's discrimination ellipsoid but also its dimensions and ori-
entation as well.

Given a surface reflectance resulting in a given cone response
triple under a given light, many other different surface reflec-
tances will produce the same cone response triple under that
same light. Such reflectances are called metamers. However,
the tristimulus values of these metamers may no longer match
(i.e., they mismatch) under a different light. This phenomenon
is referred to as “illuminant-induced metamer mismatching”.
The set of all tristimulus values of all possible metameric re-
flectances under a second light constitutes a convex set known
as the metamer mismatching body (MMB henceforth). Color
difference thresholds and suprathresholds are usually repre-
sented by ellipses in 2D chromaticity planes or by ellipsoids
in 3D color spaces. As shown by Funt et al. [21], the normal-
ized MMB volume has an inverse relationship to the volume
of color-discrimination ellipsoid. Their hypothesis is that
the MMB volume reflects the uncertainty in distinguishing
a color from a very similar color since the MMB volume is a
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measure of how different the metameric reflectance functions
can be. Thus, to overcome this uncertainty, the visual system
has become more sensitive for colors having larger MMBs in
order to distinguish them from their metamers. As a result,
discrimination ellipsoids are the smallest near gray where
the MMB volumes are the largest. Statistical tests on four sets
of experimental data (Funt et al. [21]) show that predictions
of ellipsoid volumes based on the metamer mismatching hy-
pothesis are as accurate on average as those of CAM16-UCS
[13, 14], even though CAM16-UCS is based on direct fits to
similar experimental data.

The results reported below extend the use of the metamer mis-
matching hypothesis beyond predicting only the volume of a
given color's color-discrimination ellipsoid and show how the
normalized MMB can be used to predict, not only the ellipsoid's
volume but also the ellipsoid's dimensions and orientation as well.
This provides further evidence that metamer mismatching under-
lies the variation in color discrimination throughout color space.

2 | Background

Color-discrimination thresholds and color appearance models
that provide uniform color spaces are closely linked topics.
CAM16 is one of the most recent color appearance models,
obtained by optimizing a 3x3 matrix to replace the CAT02
and HPE matrices of the CIECAMO02 model to better fit the
experimental data. The lightness, colorfulness, and hue attri-
butes have themselves been modified in a nonlinear fashion
in the definition of an improved CIELAB-like uniform color
space called CAM16-UCS. The original CIELAB is a device-
independent color space based on the opponent color model
of human vision. Unlike CAM16-UCS, it does not take any
appearance phenomena into account, other than the white
point. Nevertheless, CIELAB is extensively used in the indus-
try as it is less complicated and computationally simpler than
CAM16-UCS.

Despite the advances in color appearance models and the uni-
formity in their corresponding color spaces, the Euclidean dis-
tance in CIELAB color space is widely used as the just noticeable
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difference (JND) in several studies. MacAdam [22] showed that
the JNDs are proportional to the standard deviation of color
matchings, meaning the ellipsoids fitted to the discrimination
data represent the JNDs in different directions. Mahy et al.'s [23]
evaluation of uniform color differences offered an average value
of DE,;, = 2.3 for the IND in CIELAB space. Martin et al. [24]
utilize color information in scan matching, a particular aspect of
mapping in the simultaneous localization and mapping (SLAM)
problem. A change in the orientation between scans causes fail-
ure in the matching process for mobile robots. A DE,, of 2.3 is
used in their study to detect a noticeable color transition. Hao
et al. [25] introduced a method to hide a binary image in the gra-
dient domain of a host image. They considered a Euclidean DE,,
of 2.3 as the JND to make sure the embedded data are impercep-
tible. Zhang et al. [26] proposed a real-time rendering scheme
for laser-beam-scanning-optical-see-through, head-mounted
displays. In their method, the colors of the virtual content on
the display are optimized based on the background color while
keeping the difference between the original and optimized col-
ors under 2.3 DE;.

3 | Color-Discrimination Ellipsoid Prediction

Funt et al. [21] show that for the color centers with larger nor-
malized MMBs, the color-discrimination ellipsoids are smaller
and vice versa. The MMBs are normalized by C?, the cube of the
Euclidean distance, C, from the origin to the given color center.
The inverse relationship between the normalized MMB volume
(MMB,, / C?) and the discrimination ellipsoid volume (E,;) is
demonstrated by the strong correlation coefficient between
C® /MMB,, and E, ;. The question naturally arises as to whether
or not there is a similar inverse relationship between a normal-
ized MMB and the shape of the corresponding discrimination

ellipsoid.

To model the general shape of an MMB, we use its equivalent
ellipsoid (EE henceforth) as described in Roshan et al. [27]. An
MMB’s EE is an ellipsoid that has the same moments of inertia
(i.e., inertia tensor) as the MMB. The moments of inertia are cal-
culated based on the MMB being a three-dimensional solid of
uniform density, and the EE's moments describe the radii and

| A sample MMB for the gray color center on the left and its EE on the right.
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principal axes of the EE and represent its dimensions and ori-
entation, respectively. A typical MMB and its EE are shown in
Figure 1.

Given an MMB, let the radii of its EE be r,, r,, and r,. Because
of the strong correlation coefficients between C> / MMB,,, and
E,,» it is reasonable to expect the ellipsoid with the radii C/r,
C/r, and C/r, to be similar to those of the corresponding dis-
crimination ellipsoid. However, the orientation of the MMB, and
consequently its EE, depends on the choice of the second illumi-
nant. This orientation dependence needs to be modeled as well,

as described below.

The MMBs are computed for the CIE10° standard observer for
a shift from CIE illuminant D65 to CIE A using the algorithm
of Logvinenko et al. [28]. D65 is used as the first illuminant
because the color centers and color-discrimination thresholds
in the available experimental datasets are all measured and
reported under D65. However, how should the second illumi-
nant be chosen? In terms of predicting ellipsoid volumes, the
second illuminant has little effect on the results as shown in
Table 1.

However, the choice of the second illuminant does affect the
MMB's orientation and hence the prediction of the correspond-
ing ellipsoid's orientation. Figure 2 shows the EEs of three
MMBs computed by going from (i) D65 to Horizon, (ii) D65 to
U30, and (iii) D65 to CWF. The ellipsoids are translated to the
origin, and their sizes are normalized. The long, medium, and
short axes of each ellipsoid are shown with red, green, and blue
lines, respectively. It is clear from Figure 2 that the orientation of
the MMB, and consequently its EE, changes considerably with
the second light. Clearly, the orientation needs to be standard-
ized in some way.

The hypothesis proposed by Funt et al. [21] is that the meta-
mer mismatching volume reflects the ambiguity in the na-
ture of the underlying surface reflectance function. To see
how this relates to how discrimination thresholds vary with

TABLE 1 | The correlation coefficients between C*/MMB,, and
E,,, and the mean Jackknife estimates as a function of the second
illuminant used in predicting ellipsoid volumes.

vol»

Mean
Correlation Jackknife

Second illuminant coefficient estimate
Horizon 2300K 0.84 0.84

A 2800K 0.83 0.83
U303000K 0.90 0.90
TL84 3800K 0.91 0.91
CWF 4100K 0.89 0.89
F24230K 0.89 0.89
F8 5000K 0.9 0.9
F11 4000K 0.9 0.9
C6774K 0.88 0.88

direction, consider that the MMB volume reveals how varied
the reflectances are that result in the same color signal under
a given illuminant. Given two color signals, the larger the in-
tersection of their corresponding MMBs, the more varied is
the set of reflectances that are metameric to both color signals.
Therefore, the intersection of the MMBs indicates the degree
of uncertainty, that is, the possibility of confusing their under-
lying surface reflectances. To the extent that this intersection
varies with direction from the given color center, P, a human
observer must be more sensitive to the colors in a direction
creating significant uncertainty and less sensitive to the colors
in directions of less uncertainty.

Although the intersection of the MMBs of two color signals
signifies how likely it is to confuse their surface reflectances,
the MMB orientation, and hence its overlap with other MMBs,
varies with the choice of the second illuminant and needs to
be normalized with respect to it. Also, the wing-like shape of
the MMB can make the overlap computation very sensitive to
the boundary point computation, especially near the tips. So, to
compute the MMB intersection volumes, we suggest (1) using
the EE of the MMB and (2) rotating the EEs of the MMBs to be
aligned with the object-color solid (OCS) under D65 to cancel
the rotation created by the second illuminant.

To integrate the observation that a human observer must be
more sensitive to the colors in the directions of significant un-
certainty, and less sensitive to the colors in the directions of less
uncertainty, we begin by computing the MMB intersection in
14 different directions around each color center. The 14 vector
directions are selected in the same way that Berns et al. [29] se-
lected the vectors to measure the color difference tolerance in
their experiment except that in our case, the vectors are defined
in CIE XYZ space instead of CIELAB. The 14 vectors are plotted
in Figure 3.

Y 5 X

FIGURE 2 | Three ellipsoids representing the MMB orientations
computed by going from D65 to Horizon, D65 to U30, and D65 to CWF.
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A

FIGURE 3 | The 14 directions (vectors A, B, C, D, E, F, and G, and their reverse directions) are defined in CIE XYZ color space. Specifically,
A=[1,0,0],B=[0,1,0],C=[0,0,1], D=[1], E=[1, -1, 1], F=[-1, -1, 1], and G=[-1, 1, 1].

Assuming the norm of the vector directions to be equal to 0.1
with their tails on a color center P, the tips/heads of the vectors
define 14 neighboring colors around P. The MMBs for these 14
color neighbors plus one for the color center P are computed
by going from D65 to illuminant A. The EEs of the 15MMBs
are computed and rotated to be aligned with the D65 OCS.
Importantly, the length of each of these vectors is then computed
as the volume of the intersection of the two EEs corresponding
to the two colors at the tail and head of each vector. The tips
of the new vectors (the same vector directions but with lengths
equal to the overlap volumes) are used to fit an ellipsoid around
P using the algorithm explained by Brown and MacAdam [30]
color signals in that direction, so a human observer must be
more sensitive in that direction to be able to distinguish the
colors, and consequently the discrimination threshold becomes
smaller.

The proposed method (see Figure 4) is as follows:

1. Given a color center, P, in CIE XYZ space, compute the
MMB for an illuminant change from D65 to A.

2. Compute the EE of the MMB as proposed by Roshan
et al. [27] and summarized above. Call it EE,. The radii
(ry, 75, 13) from the longest to the shortest along with their
corresponding axes (V;,V,,V;) of the EE represent the
lengths and directions of the principal axes of the MMB,
respectively.

3. Compute the CIE D65 OCS for the standard observer
(2° or 10° depending on the test dataset) and CIE illumi-
nant D65 using the two-transition optimal color reflec-
tances as defined by Logvinenko [31]. Modeling the CIE
D65 OCS as arigid body of unit density, compute its EE and
principal axes.

4. Compute the 14 color signals around P using the 14 vector
directions plotted in Figure 3. Call these 14 neighboring
color signals N, to N,,. Compute the MMB for each of these
color signals for a change from D65 to A.

5. Compute the EEs of the 14MMBs. Call them EE;, ..,
EE

N14*

6. Rotate each of the 15 ellipsoids, EE, ..., EEy,, and EE; to
align with the principal axes of the D65 OCS.

7. Set the length of each vector equal to the volume of the in-
tersection of the two ellipsoids for the two colors P and N;
at the tail and head of the vector.

8. Using the algorithm described by Brown and MacAdam
[30], fit an ellipsoid to the 14 color signals located at the tips
of the length-adjusted vectors from the previous step. Call
the axes of this ellipsoid from the longest to the shortest
(v, vy, vy)

9. Compute C as the Euclidean distance between the color
center P and the origin. Scale the axes of EE, such that
their lengths (ry, r,, r;) become (¢/r,, ¢/r,, /r,), respectively.
Now, the order is reversed, with ¢/r, being the shortest
and ¢/r, being the longest. Let the new axis vectors be
(Wy, Wy, W3).

Rotate the size-adjusted ellipsoid defined by (W;, W,, W;) such
that its axes align with (V,’, V,’, V3'), respectively. The new
size-adjusted and rotated ellipsoid is then the predicted dis-
crimination ellipsoid for color center P.

4 | Ellipsoid Similarity Measures

To evaluate the metamer mismatching hypothesis, an ellipsoid
similarity measure is needed to compare the predicted ellipsoids
to those derived from the psychophysical data. Moshtaghi et al.
[32] proposed an ellipsoid similarity metric referred to as com-
pound similarity (CS) for ellipsoid clustering and anomaly detec-
tion in wireless sensor networks. Their metric consists of three
exponential factors representing the difference in the location,
orientation, and dimensions of the ellipsoid pair. It is defined as

CS = e~ lm=t || o-lisindll —lla” =1 €)

The first component represents the positional similarity, where
the exponent ||u; — u,|| measures the Euclidean distance be-
tween the centers of the ellipsoids. The sinf = (siné,, sind,, sin63)
in the second term measures the sin of the angles between the
associated eigenvector pairs. The symbols a* = (af, a;,ag) and
pr= (ﬁ;‘, Jh ﬂ;) represent the radii of the ellipsoids from the
longest to the shortest. Since both predicted and experimental
ellipsoids are centered at the same point, the first term is always
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FIGURE 4 | Illustration of the proposed algorithm: top left: D65 OCS and an arbitrary color center P within the OCS; top middle: the MMB for
color center P for a change from illuminant D65 to A. The MMB is located inside the OCS for CIE illuminant A; top right: the EE of the MMB is cal-
culated and then translated such that its centroid coincides with color center P within the D65 OCS; bottom left: the 14 vectors defined in Figure 3 are
centered at P within the EE of the MMB; and the tips of the vectors (shown as black asterisks) indicate the N1 to N14 color signals around P; bottom
middle: the EE of the MMB for P is shown in gray, with the EEs of the MMBs for two example color centers N2 and N10 shown in red and blue, re-
spectively. The length of the N2 vector is adjusted to be equal to the overlap volume of the N2 EE and the P EE. The length-adjusted vector is shown
in bright red. The length of the N10 vector (the blue line) is also adjusted to be equal to the overlap volume of the N10 and P EEs; bottom right: the
length-adjusted vectors (black lines centered at P) are then used to fit an ellipsoid. The principal axes of the fitted ellipsoid are used as the principal

axes of the predicted discrimination ellipsoid.
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FIGURE S5 | Merritt correlation coefficient and compound similarity (CS) measures for sample pairs of ellipses.
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FIGURE 6 | Experimental (top) and MMB-based (bottom) ellipsoids
shown inside the OCS boundary labeled with the Merritt correlation
coefficient between the corresponding ellipsoids.

equal to zero; hence, it is only the angles between their major
axes and the difference in their lengths that matter. The value of
the CS metric can vary between 0 and 1, with 1 indicating two
identical ellipsoids.

Another metric, proposed by Merritt [33], is based on comput-
ing the overlap between two Gaussian distributions. Since both
the experimental and predicted ellipsoids are centered at the
same color center, only the shape and rotational similarities are
relevant. Each ellipsoid can be described by a symmetric 3 x 3
matrix, U, such that its eigenvectors represent the axes, and the
inverses of the square root of the eigenvalues represent their
lengths. Matrix U can be regarded as the covariance matrix of a
Gaussian distribution. Let U and V be the covariance matrices
corresponding to two ellipsoids. The Merritt correlation is then
defined as

[det(U)det(v)]"
[1/8det(U + V)]

Merritt(U, V) = )

The closer the value to 1, the more similar the ellipsoids. Sample
pairs of ellipses with their similarity measures are plotted in
Figure 5.

5 | Results

Since metamer-mismatching-based prediction is based on
the MMBs of surface colors, only the experimental discrim-
ination ellipsoids measured using physical color patches (i.e.,
not colors on a display or created from a mixture of lights)
are useful for testing the accuracy of the proposed model of
color discrimination. Berns et al. [29] prepared color samples
by spraying acrylic-lacquer automotive coating onto primed
aluminum panels and measured the color difference data for
19 color centers. The result is known as the RIT _DuPont data-
set. Melgosa et al. [34] derived discrimination ellipsoids from
that data.

For the CIE reference color centers recommended by Roberston
[35], Witt [36] acquired data for four of them using painted

TABLE 2 | Ellipsoid similarity measures between the experimental ellipsoid versus MMB-based ellipsoid prediction, and experimental ellipsoid

versus CIELAB and CAM16_UCS ellipsoid predictions.

MMB-based prediction using

CIELAB Ellipsoid prediction

CAM16-UCS Ellipsoid
prediction using

MMB overlap volume using unit AE spheres unit AE spheres

Compound Compound Compound

Merritt CC similarity Merritt CC similarity Merritt CC similarity
Melgosa 0.83 0.41 0.85 0.44 0.93 0.53
Huang 0.82 0.36 0.77 0.33 0.87 0.43
Cheung 0.81 0.37 0.82 0.38 0.89 0.41
Witt 0.82 0.55 0.83 0.62 0.93 0.73
Mean over all 0.82 0.40 0.81 0.41 0.90 0.50
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samples, and Cheung [37] acquired data for five of them (four
centers in common with Witt plus an additional one) using dyed
wool fabric. Huang et al. [38] used a printer to generate color
patches around the 17 CIE color centers.

The algorithm of Logvinenko et al. [28] is used to compute the
MMBs for the change of illuminant from D65 to A for each of
the color centers used in the experiments described above. Since
the theoretical MMBs are based on five-transition, zero—one the-
oretical reflectances, they will be larger than the typical MMB in
practice. Zhang et al. [39] showed that the MMBs of reflectances
found in practice followed the same trends as those of the theoret-
ical reflectances. They reported: “Based on a set of over 25 million
spectral reflectances of real objects, estimates of the size of the
potential metamer mismatch bodies were computed for the color
signals generated from 5,069 test reflectances under 10 different
illumination conditions. The average volumes of these empirically
determined bodies were compared to the average volumes of the
corresponding theoretically determined bodies and found to be
roughly proportional but significantly smaller.” Zhang et al. [39]
(p. A246). Given the theoretical MMBEs, their EEs are calculated
and then the algorithm explained above in Section III is used to
predict the experimental ellipsoids. For comparison, a unit AE
sphere is computed in CIELAB around each color center and con-
verted to CIE XYZ, where it becomes an ellipsoid. Figure 6 com-
pares the predicted versus the experimental ellipsoids.

The mean similarity measures between the MMB-based pre-
dicted ellipsoids and the experimental data compared to the
mean similarity between the ellipsoids resulting from unit AE
spheres in CIELAB and the experimental data for each dataset
are reported in the first two columns of Table 2. On inspection
of the table, it is clear that the accuracy of the two methods is
equivalent.

The results in the third column of Table 2 are based on unit
spheres in CAM16-UCS. Although CAM16-UCS fits the exper-
imental data better than do either of the other two methods, it
is not a fair comparison since CAM16-UCS is a modification of
CAM16, which is based on a direct fit to much of the same ex-
perimental data. In machine-learning terms, the “training” and
“test” sets are effectively the same.

6 | Conclusion

The results in Table 2 show that MMB-based prediction based
only on the hypothesis that the uncertainty created by metamer
mismatching underlies the variation in difference thresholds
is as accurate as the CIELAB-based prediction. This is not to
say that the proposed hypothesis is the sole explanation for the
way color-discrimination thresholds vary as a function of the
color involved. Noise and possibly some other factors may play a
minor role. However, the strong correlation coefficients between
the shape and orientation of the predicted ellipsoids and the ex-
perimental data support the fundamental premise that the un-
certainty created by metamer mismatching explains why color
discrimination varies throughout color space as it does. Such an
understanding of why color discrimination varies as it does pro-
vides a theoretical underpinning for future work on color dis-
crimination and uniform color spaces.
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